Similar to Weyl semimetals, in magnetic materials, magnon bands can host Weyl points, around which the bosonic excitations are called Weyl magnons. Here, we investigate the Klein tunneling of Weyl magnons, during the process of which Weyl magnons tunnel through a high potential barrier. Specifically, we study the magnetization current carried by Weyl magnons in a quasi-one-dimensional magnetic wire, in the middle of which a gate magnetic field is applied to generate a potential barrier. The transmission probability is calculated and the Landauer-Büttiker formalism is used to find the magnetization current. Various types of Weyl magnons are considered, including isotropic, tilted, and double Weyl magnons. Unlike in Weyl semimetals where fermionic statistics is in charge and the current oscillates with the gate field as a result of Fabry-Pérot resonances, here Bose distribution smears out the oscillations. We find that the tilting of the Weyl cone causes the decrease of the magnetization current from Klein tunneling, while for double Weyl magnons, Klein tunneling is absent in the direction of quadratic dispersion, but is enhanced in the direction of linear dispersion. Our results show that the behaviour of the current-voltage characteristics of magnons is rather different from that of electrons due to different statistics, although the single-particle properties, such as the transmission probabilities, are the same for both Weyl bosons and Weyl fermions. arXiv:1909.04109v1 [cond-mat.mes-hall] 
I. INTRODUCTION
The Klein tunneling effect is one of the most interesting relativistic quantum effects. It is also known as the Klein paradox, which was born ninety years ago, but has only been observed recently in condensed matters [1] [2] [3] [4] [5] [6] . The early papers investigated the scattering of a relativistic particle off a high potential step in the context of the Dirac equation and discussed the paradox first observed by Klein. The socalled Klein tunneling effect refers to a process during which an incoming relativistic particle tunnel into a potential step when its height V exceeds twice the particle's rest energy mc 2 (where m is the mass and c is the speed of light). The transmission probability T in the limit of a high potential step barely depends on the step's height and the backscattering is absent, which means the step keeps perfect transparency. In stark contrast, the transmission probability T in non-relativistic tunneling decays exponentially as V increases. Such a difference is mainly caused by the essential property of the Dirac equation that the particle states with positive and negative energy are intimately connected with each other. In fact, they are described by different components of the same spinor wave function, which is known as the charge-conjugation symmetry. Additionally, for the case of oblique incidence, a potential barrier plays the role of the Fabry-Pérot interferometer for particle wave functions, which leads to the high transmission probability at special incident angles [6] [7] [8] [9] [10] .
Although Klein tunneling has been well understood theoretically, it is hard to be observed experimentally in particle physics because of the requirement of an extremely large electric field for massive particles. The discovery of graphene has provided a platform to explore relativistic quantum effects in * wangly39@mail.sysu.edu.cn † yaodaox@mail.sysu.edu.cn condensed matter systems [11] . The quasiparticles in graphene are massless Dirac fermions, suggesting that the Klein tunneling effect is observable in this system [5] . The experimental studies of the electronic transport in graphene heterostructures opens the door to the observation of Klein tunneling [12] [13] [14] [15] . Combined with Fabry-Pérot resonances, Klein tunneling yields oscillations in the current-voltage curve in these graphene devices.
Derivatives of Klein tunneling in systems beyond Dirac particles have been suggested and studied. For example, pseudospin-1 particles show omnidirectional Klein tunneling with T = 1 when their energy equals half the barrier height [16, 17] . In a lattice with coexisting pseudospin-1 and Dirac particles, pseudospin-nonconserving Klein tunneling can occur, during which the pseudospin of the tunneling particle is not conserved [18] .
The discovery of three-dimensional Dirac and Weyl semimetals [19] provides new platforms to study relativistic particles. Novel physical effects have been studied in these materials, such as Fermi arc surface states [20] , anomalous Hall effect [21] , chiral anomaly [22] , three-dimensional quantum Hall effect [23, 24] and Imbert-Fedorov shift [25] [26] [27] [28] . Klein tunneling of Weyl fermions has also been investigated [9, [29] [30] [31] . It is an attractive topic how the transmission probability evolves with the Weyl cone changing from Type-I to Type-II [29] , since the tilting of a Weyl cone shows a strong resemblance to the behavior of a light cone of a probe particle approaching a black hole horizon [32, 33] . Although the transmission properties are mostly discussed in the context of fermions, these single-particle properties are also applicable to bosonic systems, such as photonic crystals with Weyl points [34] [35] [36] and magnonic Weyl materials.
The research interests in topological magnons are increasing in recent years. Magnons are quasiparticles of collective spin excitations in magnetic systems, which emerge from the standard linearized Holstein-Primakoff transformation. Weyl magnons, the topological magnons which obey Weyl equa-tion within a certain energy range, have been predicted to exist in pyrochlores [37] [38] [39] [40] . Topological properties of Weyl magnons have been discussed, such as arc surface states and chiral anomaly [41, 42] .
In this paper, we focus on the Klein tunneling effect of Weyl magnons and discuss the magnon current influenced by this effect. The moving magnons cause a spin current, which can be seen as a magnetization current as well [43, 44] . We consider a quasi-one-dimensional magnetic wire in which the magnetization current is carried by Weyl magnons. By setting a constant gate magnetic field in the middle of the wire, we study the Klein tunneling effect and the transport properties of isotropic, tilted and double Weyl magnons. Finally, with these transmission properties, we present the curves of the magnetization current against the potential barrier height. Since the ballistic magnon transport has been achieved in Nd 2 CuO 4 at low temperature [45] , and the magnon transport has also been observed in YIG [46, 47] , we expect that our results are instructional to future transport experiments of Weyl magnons.
The paper is organized as follows. In Sec.II, we propose an experimental setup to study the Klein tunneling of Weyl magnons, in which Weyl magnons tunnel through a potential barrier. In Sec.III, the transmission probabilities of various types of Weyl magnons are calculated. In Sec.IV, we describe the ballistic magnon transport using the Landauer-Büttiker approach. The magnetization current carried by Weyl magnons is calculated, and the influences of Klein tunneling and Fabry-Pérot resonances are discussed. In Sec.V, we conclude our results.
II. WEYL MAGNONS AND BALLISTIC MAGNON TRANSPORT
Magnons are the bosonic quasiparticles of collective spinwave excitations in magnetic spin systems where spins precess coherently around the direction of the local magnetic order. They are usually studied with the Holstein-Primakoff transformation, which transforms spin operators to annihilation and creation operators of magnons. In momentum space, the Hamiltonian of magnons in a two-band model is given by
refers to the magnon creation operator. This Hamiltonian can be viewed as the bosonic tight binding model and the topological band theory can be applied to investigate magnon bands. As a result, the concept of Dirac and Weyl materials has been extended from electronic systems to magnonic systems. Near the Weyl points, the effective Hamiltonian of magnons is the Weyl Hamiltonian,
where E 0 is the Weyl point energy, σ 0 is the 2 × 2 identity matrix, k a and v a refer to the momentum deviation from the Weyl point and the velocity parameter in the a-direction, respectively, and σ a 's are the Pauli matrices. The magnons have a linear dispersion given by
In fermionic systems, the linear dispersion can lead to Klein tunneling [9, 30, 31] , similar to the Klein tunneling of Dirac fermions in graphene heterostructures [5, [12] [13] [14] [15] , as well as behaviors analogous to light rays in optical media, such as refraction, reflection and Fabry-Pérot resonances [6, 31] . Such effects can also happen in bosonic systems. Inspired by the experimental and theoretical developments of the magnon transport [43, 44, 48] , we investigate Klein tunneling and related effects of Weyl magnons in magnetic systems. A magnetization current carried by Weyl magnons flows in a quasione-dimensional magnetic wire along the x-or z-direction [41] . A potential barrier with height V = gµ B B g and width d is placed in the middle of the wire, which can be achieved by a gate magnetic field. The incident, potential barrier, and transmission regions are marked. We also consider the case that V is negative, which becomes a potential well problem.
We consider the ballistic magnon transport in a quasi-onedimensional magnetic wire influenced by a potential barrier or well, as shown in Fig.1 . Driven by the difference of magnon chemical potentials, magnons are transported through the wire in the x-or z-direction. A potential barrier with height V = gµ B B g and width d is placed in the middle of the wire, where g is the Landé g-factor, µ B the Bohr magneton and B g a constant gate magnetic field. When V is negative, it becomes a potential well. In the following discussions, when we mention the potential barrier V, it may also refer to a potential well when V < 0. We put a cutoff around the Weyl points in the magnon bands and focus on the tunneling effect and the transport of Weyl magnons within the cutoff. The Landauer-Büttiker approach is applied to calculate the magnetization current carried by magnons in this system [43, 44, 49] .
III. TRANSMISSION THROUGH A RECTANGULAR POTENTIAL BARRIER

A. Isotropic Weyl magnons
Firstly, we focus on the isotropic Weyl cone in magnon bands. In this case, the magnons near the Weyl points obey the original Weyl equation. Rescale v a k a → k a and let = 1, the effective Hamiltonian of isotropic Weyl magnons can be written as
where V(x) is a rectangular potential barrier given by
which is introduced by a constant gate magnetic field. The eigenenergy of H W (k) is
where k = k 2 x + k 2 y + k 2 z and s = ±1 is the magnon band index. When magnon transport happens in the x-direction, the wave function of the incident magnons with energy ε is given by
in which A = 2ε(ε + k z ). Since k y and k z are conserved during the process, they are regarded as fixed parameters, and the plane wave part e i(k y y+k z z) is omitted.
To solve the tunneling problem, we assume that the incident magnon propagates with momentum k. Note that the propagating direction is determined by the group velocity v = dE/dk. The magnon wave functions in the incident region and the transmission region are, respectively,
and
where t and r are the coefficient of transmission and reflection, respectively. Inside the potential barrier, the wave function is
in which q x = (ε − V) 2 − k 2 y − k 2 z . From the continuity of wave functions, we have from which we can solve the transmission probability T = |t| 2 . To present the relation between T and the momentum of the incident magnons, we introduce the spherical coordinates (k, θ, φ) to the momentum space, which are related to the Cartesian coordinates by
The transmission probability T is shown in Fig.2 (a) and Fig.2(b) corresponding to the dependence on the momentum angles (θ, φ) and on the barrier height V, respectively. Since magnons obey the Weyl equation, they have the same tunneling properties as Weyl fermions in the electronic case. The tunneling exhibits two well-known phenomena. First, T = 1 independent of V when k y = k z = 0, which is known as the Klein tunneling effect. Second, resonant peaks appear in oblique incident directions, which is called Fabry-Pérot resonances, with the resonance condition q x d = nπ, n = 0, ±1, ±2...
When the tunneling happens in the z-direction, since the Weyl cone is isotropic, there is no difference in the transmission properties.
B. Weyl magnons with tilted energy dispersion
When the Weyl cone is tilted, the tunneling properties change. We assume that the tilting appears in the x-direction and study magnon transport happening in both the x-and zdirections. We consider the former first. The effective Hamiltonian can be expressed as
in which V(x) is given by Eq.(4) and u describes the tilting in the x-direction. We will assume |u| < 1 in the following discussions. The eigenenergy is
where s = ±1. The constant energy surface is given by
where ε refers to the energy of incident magnons. Since uk x σ 0 is diagonal, the Hamiltonian shares the same eigenvector with the untilted case, and the wave functions also take the form of Eqs. (7), (8) and (9) . However, the wave vectors change due to the tilting of the dispersion. In the incident region, the wave vector of the reflected magnon becomes
In the barrier region, the wave vectors are
With the group velocity given by v x = dE/dk x , it is easy to see that q x,+ describes the magnon wave propagating from x = 0 to x = d and q x,− is associated with the wave propagating in the opposite direction. Moreover, (ε − V) 2 < (1 − u 2 )(k 2 y + k 2 z ) tells the low transmission area. Finally, the wave functions become
The transmission probability T = |t| 2 is calculated from the continuity of wave functions, as shown in Fig.4 . Note that all incident magnons satisfy
Again we use k 2 ⊥ = k 2 y + k 2 z and γ = arcsin(k y /k ⊥ ) for a better presentation in Fig.4 .
When the tunneling happens in the z-direction, the wave vectors in the barrier region become
In this case, the incident magnons satisfy We introduce
The transmission probability is plotted for γ = 0 and γ = π/2 in Fig.5 and Fig.6 , respectively. Note that k x = k y = 0 is different from the normal incidence in real space, which is given by dE/dk x = dE/dk y = 0. In fact, the normal incidence in real space corresponds to k x = − εu 1−u 2 , k y = 0, at which the transmission is not always perfect with different V [31] . However, at k x = k y = 0 which is a focus of the elliptical boundary of the inequality (21), Klein tunneling with T = 1 still occurs. We will refer to k x = k y = 0 as the normal incidence in momentum space.
If the Weyl cone is tilted in the opposite direction (−1 < u < 0), Klein tunneling will be found at the other focus of the elliptical boundary of inequality (21) . Actually, the symmetry in Klein tunneling
where k x is given by Eq.(16).
C. Double Weyl magnons
Another interesting derivative of Weyl materials is the multi-Weyl materials, in which the multi-Weyl points can be viewed as the merger of Weyl points with the same chirality [50] . Again, we first consider the tunneling happening in the x-direction. In this case, the effective Hamiltonian can be expressed as
in which k ± = k x ± ik y , σ ± = 1 2 (σ x ± iσ y ), and J = 1, 2, 3. The eigenenergy is
where s = ±1. The wave function of multi-Weyl magnons with energy ε is
where A = 2ε(ε + k z ). Therefore, the wave functions in the three regions are, respectively,
where
Note that K (n)
x has a positive imaginary part, and we have chosen the associated waves to be evanescent waves which decay exponentially away from the potential barrier. There are 4J coefficients to be solved for, so 2J boundary conditions at each of the two boundaries are required. Here, we focus on the double Weyl case, i.e. J = 2. By integrating the eigenequation over an infinitesimal region across the boundary (x = 0 or x = d), we see that the derivative of the wave functions must be continuous. Therefore, we have
which are actually eight equations. Therefore, the transmission probability T = |t| 2 can be found. Fig.7 shows the momentum angle dependence of T with the spherical coordinates given in Eq. (11) . Meanwhile, all possible incident magnons satisfy
We introduce k 2 ⊥ = k 4 y + k 2 z and γ = arcsin(k z /k ⊥ ). The transmission probability is plotted for γ = 0 and γ = π in And there is no barrier height independent tunneling for the normal incident in this case. When the tunneling happens in the z-direction, the wave function is similar to Eq.(25),
The wave functions in the three regions are, respectively,
where the wave vectors are
given that the energy of the incident magnons is ε. Here, the continuity of wave functions Eq.(10) is enough to solve for all the coefficients. Moreover, all possible incident magnons satisfy We introduce k 2 ⊥ = k 2 x + k 2 y and γ = arcsin(k y /k ⊥ ). Moreover, with the absence of the evanescent waves, the Klein tunneling effect appears in the z-direction. Actually, the Klein tunneling effect is even stronger as there is a larger area with V-independent high transmission probability in Fig.9 .
IV. MAGNETIZATION CURRENT CARRIED BY WEYL MAGNONS
After giving a picture of the tunneling properties of Weyl magnons, we now consider their ballistic transport in a quasione-dimensional magnetic wire. The schematic diagram is given in Fig.10 . The magnetic wire along the x-or zdirection as well as the reservoirs are made of magnonic Weyl materials [41] . Driven by a magnon chemical potential difference between the two reservoirs, a magnetization current I m carried by magnons with a magnetic moment −gµ B e z goes from the left reservoir R L to the right one R R [43] . Moreover, by applying a constant gate magnetic field B g , a potential barrier with height V = gµ B B g and width d is generated, shown as the blue region in Fig.10(a) .
Since we assume the magnon transport is ballistic, we can use the Landauer approach to investigate the magnetization current I m [43, 49, 51] , which is given by
to the Bose distribution functions of the right (left) magnon reservoir, respectively. ε stands for the energy of the incident magnons with respect to the Weyl point of which the energy is E 0 , k = (k x , k y , k z ) stands for the momentum of incident magnons and v x(z) = dε/dk x(z) is their group velocity in the x(z)-direction. To account for all the possible incident magnons, we must integrate over the whole momentum space. The magnetization current can be written as where I 0 = gµ B 8π 3 . Meanwhile, different from the electronic cases, incident magnons with energy ε + E 0 ∈ [0, gµ B ∆B/2] do not transport from R L to R R [43] . Thus, it is convenient to keep ∆B < (2E 0 − ∆ε)/gµ B to keep all incident magnons from each reservoir can transmitter to another in our discussion.
We assume the bandwidth of the Weyl cone to be ∆ε, such that the Weyl magnons with energy ranging from E 0 − ∆ε/2 to E 0 + ∆ε/2 (see Fig.10(d) ). In addition, we assume there is no other magnon band outside the Weyl cone. As a result, all the magnons contributing to I m obey the Weyl equation. When ε − V < −∆ε/2 or ε − V > ∆ε/2, the transmission probability is vanishingly small since there is no corresponding magnon bands in the barrier region.
Finally, according to previous researches on topological magnonic materials [39, 41, 42, 49, 52] , it is suitable to set ∆ε = 1 as an unit, and we choose E 0 = 1.5, gµ B ∆B = 0.01 and β = 1/k B T = 1 in the following discussions.
A. Isotropic Weyl magnons
We first consider the isotropic Weyl magnon case. With the transmission probability given in Sec.III A, the magnetization current influenced by Klein tunneling can be calculated. Fig.11 shows the barrier height dependence of the magnetization current carried by isotropic Weyl magnons. When B g is positive, it serves as a potential barrier in the magnetic wire; when B g is negative, it becomes a potential well instead. The It is convenient to introduce k ⊥ = k 2 y + k 2 z(x) and γ = arcsin(k y /k ⊥ ) to Eq. (35) , which becomes
Since the Weyl cone is isotropic, I m (V) in the z-direction is the same as in the x-direction. Fig.11 shows sharp drops when |V| ranges from 0 to about 0.3. This is caused by the low transmission probability of incident magnons when the potential barrier or well starts to appear. When |V| 0.3, the Klein tunneling effect and the Fabry-Pérot resonances of magnons affect most of the incident magnons, which increases the transmission probability and causes the appearance of the bumps in Fig.11 when 0.5 |V| < 1. However, since Bose distribution f B,L (ε) − f B,R (ε) is not centered around a certain incident magnon energy, the oscillations of magnons at each energy are canceled out by each other. As a result, I m does not show a clear oscillation against V but shows bumps. When |V| > 1, there are not magnon bands in the barrier regions for magnons to get through the potential barrier and I m vanishes.
B. Weyl magnons with tilted dispersion
We then consider the tilted Weyl cone case. As stated in Sec.III B, uk x in Eq.(13) describes the tilting of the Weyl cones. Due to the tilting, the transport properties in the xdirection are different from that in the z-direction.
When the magnon transport is in the x-directions, the incident magnons obey inequality (19) . Thus we introduce Fig.12 shows the magnetization current in the x-direction carried by tilted Weyl magnons as a function of the barrier height V. I m with a higher u is stronger, due to more incident magnons states.
When the magnons transport in the z-direction, the incident magnons obey inequality (21) which is an ellipse. Thus, we introduce k 2 ⊥ = (1 − u 2 )(k x + εu 1−u 2 ) 2 + k 2 y and γ = arcsin(k y /k ⊥ ) to Eq. (35) . Then, they have
And k ⊥ ranges from 0 to |ε| √ 1−u 2 . Eq.(35) becomes Fig.13 shows the magnetization current in the z-direction carried by tilted Weyl magnons against the barrier height V. I m with higher u is stronger when |V| 0.3, which is also due to more incident magnon states. However, when |V| 0.3, I m with a higher u is weaker. It is different from the x-direction case. This difference can be understood from the view of the transmission probability. Since the normal incidence in the momentum space deviates from that in the real space as u increases, more and more incident magnons cannot go through the potential barrier and hence have a smaller transmission probability than the untilted case (see Fig.5 ). As a result, the bumps caused by the Klein tunneling effect and Fabry-Pérot resonances become lower as u increases (see Fig.13 ).
C. Double Weyl magnons
Now we consider the transport of double Weyl magnons. As discussed in Sec.III C, the incident magnons obey the Hamiltonian Eq.(23), so the magnon transport properties are anisotropic.
When the magnon transport is in the x-direction, the incident magnons satisfy inequality (29) . Since k y is real in the tunneling process and the transmission probability T (k x , k y , k z ) = T (k x , −k y , k z ), it is convenience to consider the integrating Eq.(35) with k y > 0 and k y < 0 respectively. When k y > 0, we introduce k 2 ⊥ = k 4 y + k 2 z and γ = arcsin(k z /k ⊥ ) to Eq. (35) . Then, they have
with k ⊥ ranging from 0 to ε and γ from −π/2 to π/2. The integral Eq.(35) with negative k y is the same as its positive case. Finally, Eq.(35) becomes potential well case (V < 0), since we still can observe that transmission probability T = 1 independent of the well depth, the bump in the range V ∈ [−1, −0.5] is high and obvious.
When the magnon transport is in the z-direction, the incident magnons satisfy inequality (33) . We introduce k 2 ⊥ = k 2
x + k 2 y and γ = arcsin(k y /k ⊥ ) to Eq.(35) with k ⊥ from 0 to √ |ε|, and γ from 0 to 2π. Finally, Eq. (35) becomes Fig.15 shows the magnetization current in the z-direction carried by double Weyl magnons as a function of the barrier height V. As shown in Fig.9 , the Klein tunneling effect is even stronger than that in the isotropic Weyl cone case. There is a much larger region in the center of Fig.9 that the transmission probability keeps high with varying V. As a result, there are much higher bumps in Fig.15 than that in Fig.11 . However, the incident magnon states are quite less than those in the isotropic Weyl cone case. Finally, even though there are stronger fluctuations in the curve of I m , the magnetization current is actually much weaker than that in the isotropic Weyl cone case.
V. CONCLUSION
In conclusion, we have studied the Klein tunneling of Weyl magnons and its consequences in the magnetization current of a magnetic wire. In particular, we considered a quasi-onedimensional magnetic wire made by magnonic Weyl materials. The magnetization current in this wire is carried by Weyl magnons, which are driven by the magnon chemical potential difference of two reservoirs at the ends of the wire. We introduced a potential step, either barrier or well, by setting a constant gate magnetic field in the middle of the magnetic wire. With this setting, we investigated Klein tunneling of various kinds of Weyl magnons, including isotropic, tilted and double Weyl magnons. Then we presented the magnetization current curve influenced by the Klein tunneling effect and Fabry-Pérot resonances of magnon wave functions. As bosonic statistics is in charge, the current-voltage characteristics is rather different from that in the electronic case, which shows clear oscillatory behavior.
In the case of isotropic Weyl magnons, we derived the magnon transmission properties through a potential barrier from the continuity of wave functions. Even the transmission probability T is the same as in the electronic case as they obey the same Hamiltonian, the Bose distribution function makes a difference in the transport properties. Since the difference of Bose distribution f B,L (ε) − f B,R (ε) is not centered around a certain incident magnon energy in the above setting, the oscillations induced by Fabry-Pérot resonances are canceled by each other. As a consequence, the magnetization current I m does not show a clear oscillation behavior against the gate magnetic field. Instead, the Klein tunneling effect and Fabry-Pérot resonances cause bumps between |V| ∼ 0.5 and |V| = 1 (see Fig.11 ).
The tilting of the Weyl cone makes the transmission properties and hence the magnon transport properties anisotropic.
Assuming the tilting is in the x-direction, we studied these properties in the x-and the z-direction. When magnons are transported along the magnetic wire in the x-direction, a stronger Fabry-Pérot resonances is observed in the transmission probability figures as the tilting is increased. And the magnetization current becomes stronger since there are more incident magnons states as u increases. When magnon transport happens in the z-direction, the normal incidence in momentum space deviates from the point corresponding to that in real space. This behavior makes some of the incident magnons hard or even unable to get through the potential barrier. Finally, although there are more incident magnon states, the two bumps of I m are still lower than that in the untilted case.
Finally, in the double Weyl magnon case, the Hamiltonian is also anisotropic. When the transport happens in the xdirection, the Klein tunneling effect is absent due to the presence of the evanescent waves when V > 0, but the transmission probability T = 1 independent of the depth of the potential well when V < 0. Consequently, we observed that the curve of the magnetization current keeps a high bump when V < 0 while a lower one when V > 0. When the magnetization current is in the z-direction, it is much weaker than the isotropic Weyl cone case, due to less incident magnon states. However, the Klein tunneling effect is even stronger, which can be seen from the expanding of the areas that T = 1 independent of the potential barrier. This difference causes the higher bump in the curve of the magnetization current.
